(1) [45 points] Suppose we have a sample of employment x;, i = 1,...N at N
firms in a particular county and industry and we wish to model them as
iid. draws from a common distribution. Suppose further that we assume
the distribution is exponential, meaning it has probability density function
(pdf) ae~**i, with a an unknown parameter.

(a) Recall that the pdf of a Gamma(n, &) random variable zis a”z"~!e=%? /T (n)
and that the sum of independent Gamma(#n,1) and Gamma(m, 1) vari-
ates is distributed as Gamma(n + m, 1). Also that the T’ function satisfies
nf'(n) =T(n+1).

What is the posterior pdf for 2 in our sample of N firm employment lev-
els, under a flat prior on a?

(b) What is the posterior expectation of the mean 1/a of the x; distribution?

(c) Show that the sample mean ¥ = ) x;/N is a (frequentist) unbiased esti-
mate of 1/a.

(d) Show thata )} ; x; is a pivotal statistic and explain how to use it to gen-
erate a 90% confidence interval for 1/a.

(e) How could you generate a 90% posterior probability posterior credibility
interval for 1/a from this sample?

(f) Suppose that contrary to what was assumed above, the data set from
which this sample is drawn, covering many counties and industries be-
sides the industry and county in this sample, top-codes large firms. That
is, even though the true distribution of employment levels across firms in
the sample for any county and industry is i.i.d. exponential as we have
assumed, the data would record “500” for any observed true employ-
ment level of 500 or over. However in the particular county and industry
sample at hand there are no x; = 500 observations. Does recognizing the
top-coding in the sampling scheme affect the Bayesian posterior distri-
bution you derived above? Does it affect the claim of unbiasedness for
the sample mean or the calculation of the frequentist confidence interval?
Explain your answers.
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(2) [15 points] Suppose y is distributed as N(1,1). Derive the pdf of z = 1/y and
sketch its shape. What are the mean and variance of z?
(3) [30 points] Consider the linear regression equation

yi=a-+bx;+eg;. (%)

A common practice is to estimate 2 and b in an equation like this by ordi-
nary least squares and use the “heteroskedasticity-consistent” estimate of the
standard errors of the estimated coefficients to produce confidence intervals.

(a) What is the formula for the heteroskedasticity-consistent coefficient co-
variance matrix estimate? What assumptions, beyond i.i.d. data, are
needed to justify it?

(b) Suppose that in fact the data are i.i.d. across i with

Elyi [ xi] = xi/(1+x;).
In other words, there is a nonlinear regression relation between y; and
x;. Does this violate the assumptions that justify fitting a linear relation
by OLS and using the heteroskedasticty-consistent covariance matrix for
the estimates? Why or why not?

(c) Suppose instead that in fact the data are i.i.d. across i and ¢; in (x) satis-
fies ¢; | x; ~ N(0,1). Also assume that x; is drawn from a distribution
whose pdf declines at the rate x 2° as x — o0. Does this violate the
assumptions that justify fitting a linear relation by OLS and using the
heteroskedasticty-consistent covariance matrix for the estimates? Why
or why not? Would use of the usual 6?(X’X)~! covariance matrix be
justified under these assumptions? Why or why not?



