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EXERCISE ON ASYMPTOTICS

(1) Suppose
Y

T×1
∼ N( 1

T×1
µ, Ω)

and that the elements of Yt form a stationary process. This implies that the
i’th row, j’th column of Ω is ωij = R(|i− j|), i.e. that Ω constant along every
diagonal. Note that this is a special case of the usual GLS model, in which
Ω has been given some structure and in which the explanatory variable X
matrix is just a column of ones.
(a) Show that the OLS estimator of µ is the sample mean µ̂T.
(b) Prove that if ∑s |R(s)| is finite, then µ̂T is a consistent estimator for µ.
(c) Show that if we estimate R(s) by the formula

R̂T(s) =
1
T

T

∑
t=s+1

(Yt − µ̂T)(Yt−s − µ̂T) ,

R̂T(s) is a consistent estimate of R(s) for every s.
(d) Show that if we form Ω̂T by setting ω̂Tij = R̂T(|i− j|), Ω̂T is positive

semi-definite. [Hint: It can be written as Z′TZT for some choice of ZT,
with ZT having more than T rows.]

(e) Show that in this model, if we try to apply the formula that says the
variance matrix of β̂OLS is (X′X)−1X′ΩX(X′X)−1 by substituting Ω̂T for
Ω, we get nonsense. [Hint: An important computational fact about OLS
estimates is that if û is the OLS residual vector and X the right-hand-side
variable matrix, X′û = 0.]

(f) Show that if we know that R(s) = 0 for s > k, so that we only need to
estimate k + 1 values of R(s) for s = 0, . . . , k, we get a good estimate of
the variance of µ̂T by plugging in to the standard formula, in the sense
that

T
(
(X′X)−1X′ΩX(X′X)−1 − (X′X)−1X′Ω̂TX(X′X)−1) P−−−→

T→∞
0 ,

while at the same time each of the two terms differenced in this expres-
sion converges in probability to a non-zero constant.

c©2004 by Christopher A. Sims. This document may be reproduced for educational and research
purposes, so long as the copies contain this notice and are retained for personal use or distributed
free.


