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LECTURE 7: PRINCIPAL COMPONENTS, SOME STANDARD
DISTRIBUTIONS

1. SQUARE ROOTS OF A P.S.D. MATRIX

Σ positive semi-definite (p.s.d.)⇔ (∀c∈ Rn)c′Σc≥ 0

Var(X) = Σ ⇒ Σ p.s.d

Σ p.s.d. ⇔ Σ = W′W

• W is not unique.
• Upper triangularW is unique ifΣ is p.d. (p.s.d. with|Σ|> 0). This is theCholesky

decompositionof Σ.
• With W′ = W, we have thesymmetric square rootof Σ. (Not often used.)
• Σ = QΛQ′, with Λ diagonal, allλii ≥ 0, Q′Q= I . Columns ofQ are theeigenvectors

of Σ, and correspondingλii ’s are itseigenvalues. W = Λ1/2Q′ is anotherW with
W′W = Σ.

2. ORTHOGONAL DECOMPOSITION OF A RANDOM VECTOR

• If Var(X) = Σ, W′W = Σ. Let Z = W′−1X. ThenVar(Z) = I .
• X = W′Z represents each element ofX as a linear combination of mutually uncorre-

lated, unit-variance, random variables.
• Y = Q′X hasVar(Y) = Λ. If the elements ofΛ are sorted so they decrease in size

from left to right, thenY1 is the firstprincipal component of X, Y2 the second, etc.
• PC decomposition isnot scale-invariant. Suppose we change the components ofX

from pounds to ounces, feet to meters, quarts to liters, etc. New random vectorG =
DX, D diagonal. IfY = Q′X are the principal components ofX, then rescaling the PC
decomposition ofX would give usG= DQ′Y, which isanorthogonal decomposition
of G. But applying principal components directly toG and its covariance matrix
DΣD′ gives us something else.

3. USING PRINCIPAL COMPONENTS

• EachXi has a representationXi = Qi·Y, so thatVar(Xi) = ∑ j q
2
i j λ 2

j j .
• Often most of the variance of most of the components ofX is “accounted for” by the

first few principal components. Looking at the structure of the correspondingqi·’s
andq· j ’s can be helpful in thinking about how to model theX’s.
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• To sidestep scale-sensitivity, it is common to standardize all theXi-variances at 1, so
the covariance matrix becomes acorrelation matrix. The correlation ofXi with Xj is

ρi j =
cov(Xi ,Xj)√

Var(Xi)Var(Xj)
.

• Principal components is just a way of rewriting a covariance matrix. It is interesting
because we hope it gives insight into how to simplify the description of the data
distribution, but the PC calculation in itself does not simplify.Factor analysis is a
class of models that actually do assert that we can simplify the characterization of
the distribution on the basis of a principal components decomposition.

4. THE MULTIVARIATE NORMAL

• pdf:

ϕ(x; µ ,Σ) or ϕ(x−µ ;Σ) = (2π)−
n
2 |Σ|− 1

2 e−
1
2(x−µ)′Σ−1(x−µ) .

• cdf: Φ, not analytic.
• properties:

– VectorX normal implies thatVar(X) diagonal⇔ X mutually independent.
– X ∼ N(µ,Σ), A,c constant ⇔ AX + c ∼ N(Aµ + c,AΣA′), i.e. the class of

normal vectors is closed under linear transformations.

5. WHY SO MUCH ATTENTION TO THE NORMAL?

• It’s convenient to have the class of distributions closed under linear transformations
and to have zero correlation imply independence.

• It’s in a certain sense conservative. It’s possible to derive a measure of how much
uncertainty is embodied in a distribution, and such a measure is called theentropy
of the distribution. IfEX = µ andVar(X) = Σ are given, the distribution that implies
“maximum ignorance” subject to these constraints isN(0,Σ). We won’t explore this
result in this course — consult an information theory text if you are interested in
pursuing it — but it is worthwhile knowing that such results exist.

• Central limit theorems. These are theorems that state that simple averages of random
variables tend, if the number of terms in the average is large, to a normal form. It
can be argued that “error terms” in economic models are often collections of small,
unrelated effects, and thus that a CLT justifies treating them as normal.

6. CONVERGENCE INDISTRIBUTION

• A sequence of random vectors{XT}∞
T=1 converges in distribution to a distribution

L iff

(∀continuous, boundedf : Rn→ R) E[ f (XT)]−−−→
t→∞

E[ f (Z)] ,

whereZ is any random variable with the distributionL.
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• There are many equivalent ways to define convergence in distribution, and even to
name it. It is sometimes calledweak convergenceof distributions. (Weak conver-
gence is a concept that can be applied to a more general class of spaces than spaces
of probability measures, but for our purposes it is just a synonym for convergence in
distribution. See Pollard (2002, Chapter 7) for a complete tabulation of equivalent
definitions of convergence in distribution.)

• The traditional definition of convergence in distribution inR1 is

XT
D−−−→

T→∞
X ⇔ (∀a∈ R)

(
FX continuous ata ⇒ (

FXT (a)−−−→
T→∞

FX(a)
))

.

• The generalization of this definition to arbitrary probability spaces is

XT
D−−−→

T→∞
X ⇔ (∀B∈B)

((
P[XT ∈ ∂B] = 0

) ⇒ (
P[XT ∈ B]−−−→

T→∞
P[X ∈ B]

))
,

where∂B is the boundary ofB (its closure minus its interior) andB is the Borel
σ -field on the space whereX and theXT ’s take their values.

• Question: Is pointwise convergence of the distribution function at all points of con-
tinuity equivalent to convergence in distribution onRk for k > 1?

7. A CENTRAL L IMIT THEOREM

Theorem:
If {XT}∞

T=1 is an i.i.d. sequence of random vectors withEXT = µ andVar(XT)=
Σ, then

1√
T

∞

∑
T=1

XT
D−−−→

T→∞
N(µ ,Σ)

• There are many CLT’s.
• The independence assumption can be weakened. The identical distributions assump-

tion can be weakened. But weakening one tends to require strengthening the other,
so there is no uniquely most general CLT.
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