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LECTURE 10: ESTIMATION, TESTING, CONFIDENCE INTERVALS

1. ESTIMATION: AS A BAYESIAN DECISION PROBLEM

e The “decision” is choice of a vectqﬁ‘ that should be close to the unknown vedsor

e For example, if our loss function i&(3, B) (B-— ﬁ)’A(B B) for some positive

definite A, then the optimal decision, as a function of observed data [3 ﬁd—ef

E[B | X].

2. PROOF.

E[(B-B)AB-B)]

=E[(B—B)A(B—B)+2(B—B)YAB—~B)+(B—BYAB—B)[X]
= tr(AVar(B | X)) + (B~ B)A(B— ).

This latter expression consists of a first piece that does not depeﬁdanml a second ex-
pression that, becaugeis p.d., is minimized a = 3, where it is zero. The middle term in
the expansion drops out becal§@ — 8 | X] = 0 by construction.

There is a corresponding result fﬁr(,B,ﬁ) =5 ‘ﬁ. —Bi). With this loss function, it is

optimal to sef so that(Vi)P[B > 3 | X] = .5, i.e. so tha3 is the vector of medians of the
B | X distribution. (This assumes tlfe| X distribution has a pdf.)

3. UNBIASEDNESS

e You might think that this mearis|f | X| = 3, but that would be a Bayesian analogue
of unbiasedness. Unbiasedness is a non-Bayesian attribute for an estimator, meaning
that it is a property of the distribution of the estimator as the observeo)@Mes
randomly. B( ) is anunbiased estimator for 3 iff (VB)E[B | B] =

e While this property is intuitively appealing, it is hard to give any formal argument
that unbiasedness is a good property. In fact, we have the following result:

¢ No finite-variance Bayesian posterior mean is unbiased, unless it is completely error
free.

e Proof, for the 1-dimensional case: Suppose inste@d| 8] = B andE[B | X] =
Then

E[B? = E[Var(B | X)] +E[? = E[B?] > [B]
E[8?) = E[Var(8 | B)] +E[B? = E[B? > E[B?] —

(©2002 by Christopher A. Sims. This document may be reproduced for educational and research purposes, so
long as the copies contain this notice and are retained for personal use or distributed free.



LECTURE 10: ESTIMATION, TESTING, CONFIDENCE INTERVALS 2

Since we know that under some regularity conditions every admissible estimator will be
Bayesian for some prior, this suggests thstiallyunbiased estimators are inadmissible un-
der a quadratic loss function.

4. THE STEIN RESULT

e Having seen the result that unbiased estimates can’t be admissible under mean-
squared-error loss, it is perhaps surprising that the OLS estimafimothe SNLM
Y = X + € is admissible — ifX has no more than two columns. This reminds us
that the regularity conditions that make Bayesian and admissible estimators equiva-
lent classes are indeed restrictive. The OLS estimator is not a Bayes estimator under
any proper prior, but it is admissible. (It is the limit of a sequence of Bayesian esti-
mators.)

e Whenp is of dimension higher than two, OLS is not admissible. This was shown by
Stein, who constructed an estimator (itself inadmissible) that dominates OLS under
a mean squared error loss function.

5. CONSISTENCY

. ﬁT%Bg(V£>O)P[HﬁT—BH>£] mo.

e This isconvergence in probability.
¢ Note thatg, like theBt’s, in this definition can be a random variable.
e Convergence in probability makes a statement about the sequence of joint distribu-

tions of (Br,B).

e This contrasts Witt’fﬁT % B, which makes a statement about the sequence of

marginal distributions of théT’s.

o Brop=pr 2.

e A commonly occurring special case is that wh@das a degenerate distribution
making it a constant.

e [t is aconsistentsequence of estimators f@rif BT P, B.
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6. TESTING
o: parameter space
Ho C O: null hypothesis
Ha C O: alternative hypothesis
X: observed data, taking valueslin
S:F—R": test statistic
BCR": rejection region
a=P[SeB|Hg: significance level, or size
y=P[SeB|Hal: power

7. CONNECTION TO A DECISION PROBLEM

e The definitions displayed here are only appropriate, strictly speaking, Whemd
Ho are each a single point.

e Ifin addition® = {Ho,Ha} and the only data we observeds= 1gx)cg, then knowl-
edge ofa andy allows us to fully specify the likelihood. F& = 1 the likelihood
is justa at Hp andy at Ha, so with, e.g., equal prior probabilities ¢y andHa,
the probabilities oHp andHp whenZ =1 area/(a + y) andy/(a + y). When
Z = 0 (the null is not rejected) the probabilities are inst¢hdd a)/(2— a — y) and

(1-y)/(2-a-y).

8. COMPOUND HYPOTHESES

e When an hypothesis is more than a single point in the parameter space, it is called
a compound hypothesis. IfHg is compound, the probability of rejection may vary
over the parameter space. It is standard terminology in this case to say that the size
or significance level of the test is

maxP[Se B | 6].
GEHO

e Itis notstandard to make the corresponding change modification of the definition of
power, which would make it

min P[ScB| 9].
eGHA

¢ If we made this modification to the notion of power, most standard cases would show
power equal to significance level. Since in the point null, point alternative case a test
with power equal to significance level is useless, it is clear that we don’t want to
define power as this minimum, since it would make useful tests look useless.
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However, it is not so clear why size should be maximized d¥grwhile power is
treated as a function & € Hp, instead of defining power as the minimum ot of

the rejection probability, while significance level were treated as functig¢heHy.

A test isunbiasediff

6o € Ho, Bp € Ha = P[SE B| 6] < P[SE B 6y].

Unbiasedness of tests has nothing to do with unbiasedness of estimators. For point
null, point alternative cases a biased test is ridiculous — it would be better to replace
the rejection region with its complement, which would produce an unbiased test. In
more complicated situations it is sometimes reasonable to use an easily computed or
interpreted test that is biased. In such cases the portion of the parameter space over
which the rejection probabilities have the wrong relative magnitudes is judged to be
small.

Example of a biased test:

Ho : S~N(L,1)
HA: S~ N(Y,VZ),VE(O,OO)
B: S— 1| > 1.96.

This is a test with size .05 under the point null. However, onlyyas 1 is the
probability of rejection greater undéta. The probability of rejection, conditional

P[S—1>1.96|y]+P[S—1< —1.96] ]

ony,is
:1—q><2'—96+1>+q>(_'—96—1> ,
y y

which is everywhere increasing jn and thusmallerfor y < 1 than fory = 1.



