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Generating probabilities
• Discrete probability: finitely many points in the space:

S =
{

xj, j = 1, . . . , n
}

p :Z+ → [0, 1],
∑

j

pj = 1

P [A] =
∑

{
j : xj∈A

} pj

Examples: pj = .5, j = 1, 2

pj = 2
−j

, j = 1, . . . ,∞
• Integrating densities, on R:

S = R; p : R→ [0,∞)

∫
p(x) dx = 1

P [(a, b)] =

∫ b

a
p(x) dx

Examples: p(x) = 1
2e
−|x|

p(x) = 1(0,1)(x)



• On Rk:

S = Rk
; p : Rk → [0,∞)

∫
p(~x) d~x = 1

(~a,~b) =
{

~x ∈ Rk
: ai < xi < bi, i = 1, . . . , k

}

⇒ P [(~a,~b)] =

∫

(~a,~b)
p(x) dx

=

∫ b1

a1
· · ·
∫ bk

ak

p(x1, . . . , xk)dx1dx2 · · · dxk

Examples: p(x, y) = .25e
−|x|−|y|

p(x, y) = 1.5 max {1− |x| − |y| , 0}

• Distribution functions on R:

S = R, F : R→ [0, 1]

a > b ⇒ F (a) ≥ F (b); lim
xn↓x

F (xn) = F (x)

P
�
(−∞, a]

�
= F (a)

Examples: F (x) =





0 x < 0

x 0 < x < 1

1 x > 0

F (x) =
ex

1 + ex

1



• Distribution functions on Rk:

S = Rk

F : Rk → [0, 1], lim
~xn↓~x

F (~xn) = F (~x)

P [
{

x ∈ Rk|xi ≤ ai, i = 1, . . . , k
}

] = F (a)

∂kF

∂x1 . . . ∂xk
≥ 0 If it exists.

More generally, letting

∆
ε
i f(x) = f(x1, . . . , xi + ε, xi+1, . . . , xn)− f(~x),

(∀~ε ≥ 0)∆
ε1
1 ∆

ε2
2 , . . . ∆

εn
n F (x) ≥ 0

Examples:

F (x, y) =





0 x < 0 or y < 0

.1 + .2x · y x > 0, y > 0, x · y < 4.5

1 x · y ≥ 4.5

F (x, y) =
4

π2
arctan(e

x
) arctan(e

y
)
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