ECO 513 Fall 2008 C.Sims

KALMAN FILTER

1. THE KALMAN FILTER
Model in the form

Plant equation : St = Asy_ 1+ &
Measurement equation : Yyt = Hsy +v;.

Var(e;) = Q, Var(v;) = E. & L vy and (&4, 1) i.i.d., independent of past y, s.
KF: A rule for starting with a prior s; ~ N(u, %), using it, plus observation of
Yi+1, to update to a new distribution sy 11 ~ N(ps41, Z¢41)-

2. ASIDE: VERSION WITH NO OBSERVATION ERROR

We can relabel observation errors as elements of s, after which there are no errors
in the observation equation.
_ |8t
and then rewrite the model as
A 0 Et
Uy = Up_

Yt = [H I} Ut .

3. THE EQUATIONS AS AN ASSERTION ABOUT ONE-STEP-AHEAD CONDITIONAL
DISTRIBUTION

Assuming that information at time ¢, 7, gives us
St~ N(‘Ut, Zt)/

the equations imply

Str1 | T, N A‘I/lt AZtA/ + Q) AZtA,H, —+ QH'
Yirr| ! HAu; |’ |HALA' + HQ HAYLA'H' + HQH' + 2| )
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4. LINEAR REGRESSION

Suppose we have a jointly normal random vector split into two pieces, Xj, X5:

ol =~ ()2 =2)
X5 po] " [Xo1 Eoo] )
Then familiar results about linear regression tell us that

[ X1 | Xo] ~ N(B(X2 — p2) + 111, Q)
B =Z1%,,), Q=% — Zp%,' o1

5. KF FORMULAS

Applying the formula for the conditional distribution of one Gaussian random
variable given another, we get

{st41 | Zrsa} ~ N(pes1, Zes)
w1 = Ay + (A A'H + QH') (HALA'H' + HOH' +2) Yy, — HAwy)
Y1 =ALA +Q
— (AL A’H' + QH) (HASA'H' + HOH' + E) Y (HALA' + HO)

Note that, though this looks like messy algebra, if y; is a scalar, there is no matrix
inversion involved. There is a lot of experience in using this algorithm, so it worth-
while consulting numerical analysis literature or using an optimized program if
you want to do this with large matrices or many times.

6. LIKELIHOOD

At each date, the Kalman filter involves forming a normal distribution for ;1 |
7;. Calling the pdf of this distribution p(y;+1 | Z¢), the pdf of the entire observed
sample of y’s is then

T
[1r(ve | Zi—)
=1

This formula applies because we assume the information available at ¢ consists of
the time zero information Zj plus the sequence of ys values for s < t. The Kalman
filter only tells us how to derive p(- | Z;y1) from p(- | Z;) and y;. The initial
distribution p(- | Zp) is determined by an initial Gaussian prior on the initial state
50-

The log posterior density (often imprecisely called the log likelihood, despite the
fact that it involves a prior density) is then just the sum of the log(p(y: | Z;)) terms.
A single one of those terms is

—2log(27) — 3 (vt — 9¢)'®; M (yr — 9r) — 3 log |t ,
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where 7 is the dimension of y and §j; = HAp; 1 and &, = HAY;, 1A’H'+ HQH' +
E are the mean and variance matrix of the one-step-ahead distribution for y;. Since
these quantities are computed as part of the KF, the log likelihood element, or the
two pieces of it separately, are usually provided, along with the filtered yu;, %, as
part of the results of the filter.

The KF assumes that A, (), H, and & are known quantities, while in applications
they usually are not known. In applications in econometrics usually these parame-
ters of the KF are specified as functions of some other underlying parameters, and
the KF is executed to evaluate the posterior density at many values of the underly-
ing parameters, either as part of a maximization routine or as part of a scheme for
exploring the shape of the posterior density.

Since the KF assumes A, (), H, and Z are known, and since the KF operates one
date at a time, it can handle time subscripts on all these parameters. Of course if we
have to estimate them, we don’t want underlying parameters to be changing freely
at every date, so the fact that the KF allows this is not of much help. However it
is quite common in applications for H; to be an observable matrix of exogenous
variables that changes with ¢.

7. THE KALMAN SMOOTHER

e The Kalman filter: s; | Z; for each t.

e Sometimes (e.g. guiding a spacecraft) this is what we need.

e In economics often we have a fixed data set for t = 1,...,T and would
like to know: s; | Zr for each t.

e With the results of the KF in hand, we can find these distributions recur-
sively, by an algorithm much like the KF, that works backwards from the
end of the sample.

8. THE SMOOTHER: DETAILS

e The smoother at each t uses the distribution of s; 1 | Zr and that of s; | Z;,
to deliver that of s; | Zr.

e Initialize using the fact that the KF itself gives us st | Zr at the end of the
sample.

e Then apply the filter recursively backward from the sample’s end.

e For t = 0, we will have a distribution sy | Z7 that is generally very dif-
ferent from the prior sy | Zy. Other observations for small t also may
have smoothed distributions very different from the KF results, because
for these observations the smoother uses much more information than the
KFE.
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9. THE SMOOTHER: ALGEBRA

First note the joint distribution, which we have used before,

Si+1 - Ay A A"+ QO AL
R Y IER (A b )
From this we can see, by applying the formulas for normal conditional distribu-
tions, that

(%) st = pr + i A (ASA + Q) s — Ap) + 3,

where {; ~ N(0,%; — ;A (AL A’ + Q) ~LAY,) and ; is uncorrelated with the past
observations on y that generate 7; and also with s, 1.

10. WHY {; IS UNCORRELATED WITH THE ENTIRE FUTURE

e The fact that it is uncorrelated with s;;; means that it is necessarily also
uncorrelated with s; 1 for all v > 0, because...

e The plant equation can be solved recursively to tell us thats;,+1 = A%S;41 +
Ni+v+1, Where 175111 is a linear combination of the plant error terms &, 1.4,
foru=1,...,0.

e Since (; is uncorrelated with s;, 1, and since &;,,.1 is uncorrelated with
any s, or y, forr <t +1, {;, a function of s, s;+1 and y,, v < ¢, is uncorre-
lated with sy, forv > 1.

11. THE SMOOTHER: THE FORMULAS

e Everything on the right-hand side of (=) is in Z; except s;11 and (.

e Therefore to find the s; | Zr distribution, we just use (%), which defines
st as a linear transformation of s;,1,{;. We use the notation {s; | Zr} ~
N(my, St). The mean of {; given Z7 is zero, as we have noted, and the
mean of sy 1 given Zr is m;41, so plugging in to (=) gives us

me = py + Ze A (A A + Q) Hmyq — Ape) .

For the conditional variance, we get two components, one from the vari-
ance S; 1 of s;11 | Zt, the other from the variance of {;. Note that we have
observed that these two components of s; are uncorrelated. The variance
is therefore

S =3 — LA (AL A + Q) LAY,
+ A (AT A+ Q) 718, (ATA + Q) LAS, .

Here as with the formulas for the filter, you don’t need to commit the
formulas to memory. You should understand how they are derived.
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12. INTERPRETING FILTERED AND SMOOTHED ESTIMATES

e Even if the underlying state is not changing at all, the filtered estimate of
it will generally change a lot toward the beginning of the sample.

e Even for the smoothed states, changes reflect both estimation error and
actual movement in the state.

e Therefore, the fact that the filtered or smoothed estimates vary, even if
the variation seems economically significant, should not be naively in-
terpreted as implying s; varies substantially over time.

e If you are trying to determine whether there is substantial time variation,
plot smoothed estimates, with their associated error bands.

e Or, using methods we will discuss later, find posterior odds on the model
with time variation vs. the model without time variation.

13. SAMPLING TIME PATHS OF STATES

In MCMC sampling from the posterior density, it often is useful to sample from
the time path of the unobservable states as part of the Markov Chain. This can be
done via a backward recursion that is much like that for smoothing.

(I) Start by drawing a value of st from the distribution of st | Zr that is
available from the Kalman filter run.

(II) For each t < T, with a draw sy, from s;;1 | Zt in hand, use the joint
normal distribution for (s¢,s¢11) | Z; given in () to make a draw from
st | {Zt,s¢4+1}- Since all the influence of s; on later y’s and s’s is through
S¢11 this is in fact a draw from s; | Z7

This procedure generates a complete sequence of values for s, including for the
initial conditions. Often the initial conditions have a diffuse prior distribution, but
conditional on the data, they may nonetheless be sharply determined.

14. APPLICATION: INDEX NUMBERS

Suppose we have a collection of N price time series p;;, measured in logs, that we
think are each made up of an unobservable general “price level” component and
an idiosyncratic component that is independent of the general price level and of
other idiosyncratic components. We would like to use them to estimate the general
price level. The equations are

(1) pit = &; + Bipr + Vi
(2) pt = Yo + Oopr—1 + €ot
(3) Vig =Yi+0ivis1+ep,i=1,...,N.

4) it ~ N(O, O’iz), independent across t, i .
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15. INDEX NUMBERS: SETTING IT UP IN KF FORM

St .

(Pr,vi, i=1,...,N, ) or
(ﬁt’ (Vit/“itll)/it/i - 1/~ . /N))

The first version will have the a’s and 7’s coefficients of the constant y; = 1. The
second version instead exploits the KF’s ability to deliver posterior means for these
constant term parameters, conditional on the other parameters, and thereby makes
the dimension of an iterative posterior density maximization problem smaller.

The measurement equation is (). The plant equation consists of (2)-(3), plus
either a single equation stating y; = y;_1, with the prior on o degenerate at yp =
1, or else 2N+1 equations of the form a;; = «;;_1 and v = ;1.

16. INDEX NUMBER PRACTICE EXERCISE:

Figure out what the A, H, () and E matrices are in this problem, for both ways
of treating the constant terms.

17. APPLICATION: TIME-VARYING PARAMETER REGRESSION
The model is

yr = X¢Br + &t
Bt = ABt—1+ vt .

The error terms &; and v; are uncorrelated across equations and across time and
are uncorrelated with X; and with any lagged variables. Here the state is ;, the
tirst equation is the observation equation, and the second equation is the plant
equation. We assume y; and X; are observable, B; and the error terms are not.

18. TIME VARYING PARAMETERS PRACTICE EXERCISE:

Figure out what the A, H, () and E matrices are in this problem. For the va-
lidity of the Kalman Filter, does it matter whether the X’s are strictly exogenous
or instead predetermined? [Reminder: For strictly exogenous X’s, X; and &5 are
uncorrelated for all t,s combinations, while for predetermined X’s X; and &5 are
uncorrelated for s > ¢, but not necessarily for other t,s pairs. Predetermined X's
can be lagged y’s.]

19. APPLICATION: A FINITE ORDER MA MODEL

Suppose v = aper + ajep—1 with g i.i.d. N(0,1). If we let [¢;, €;—1] be the state
vector, Then this equation becomes the observation equation and the plant equa-

tion is
&t . 00 Er1 Vt
e =[] )+ o)
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Here of course v; is the same thing as ¢;; we only distinguish them to make the
notation line up with that of the KF.

Practice exercise: Define the state and set up the KF plant and observation equa-
tions for an ARMA(1,1) model (i.e. a model of the form B(L)y; = A(L)e;, with B
and A both first-order polynomials). Can we treat any of the parameters in this
model as part of the state?
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