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MULTIVARIATE ARMA, KALMAN FILTER

1. THE FINITE MA CLASS OF MODELS

yt =
k

∑
s=0

asεt−s = a(L)εt .

y may be m× 1, in which case as is m× m. ε ∼ N(0, Σ), i.i.d. Or sometimes just
mean 0, variance Σ, not serially correlated.

Properties:
• Dense in the space of LR stationary processes.
• Closed under taking linear combinations.
• Closed under taking subvectors.
• To keep uniqueness, must restrict parameter space to fundamental MA’s.

This restriction (on roots) is quite nonlinear. But the fundamental MA’s
form a closed set with open interior, since roots are continuous functions
of parameters.

2. IS THE SET OF FUNDAMENTAL MA OPERATORS CONVEX?

This is an important point, since if it is convex, then iterative methods for maxi-
mizing likelihood subject to the constraint are likely to work well, because concave
functions over a convex set have a unique maximum, while with a non-convex
constraint set there can be multiple boundary maxima, even for concave functions.

For second-order operators, the set is convex. There is a famous diagram show-
ing the set of values of ρ1 and ρ2 for which the roots of 1 + ρ1z + ρ2z2 all lie on or
outside the unit circle, shown in Figure 1. This is obviously a convex region.

However, beyond two dimensions the region is no longer convex. For example,
consider P(L) = 1− 3L + 3L2 − L3 and Q(L) = 1 + L. The first has three roots,
all 1. The second has one root of -1. An equal weighted linear combination of the
two, 1− L + 1.5L2 − .5L3 has a pair of complex roots with absolute value .89, and
one real root of 2.5. So the region is not convex for third order polynomials.

3. THE FINITE AR CLASS OF MODELS

yt =
k

∑
s=1

bsyt−s + εt, or b(L)yt = εt .
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FIGURE 1. ρ1, ρ2 values yielding invertible 1 + ρ1L + ρ2L2

ε ∼ N(0, Σ), or sometimes just mean 0, variance Σ, not correlated with past y’s,
and therefore not serially correlated.

Properties:
• Dense in the space of LR stationary processes, plus includes some types

of non-stationary processes
• Not closed under taking linear combinatoins
• Not closed under taking subvectors.
• No uniqueness problem. Every set of real numbers used to populate bs,

s = 1, . . . , k results in a distinct model. Restrictions like that to obtain
fundamental MA’s if we want to consider only stationary models. But
this restriction is not needed to prevent redundancy.

4. FINITE-ORDER ARMA MODELS

B(L)yt = A(L)εt ,

where εt ⊥ {ys, s < t} (and εt is therefore the innovation in y at t) and B and A are
finite-order polynomials in L, perhaps with matrix-valued coefficients.

Properties:
• Contains MA and AR models, so is also dense in the LR class of models.
• Closed under taking linear combinations.
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• Like the finite-order AR class, contains non-stationary as well as station-
ary models.
• Has the same problems as the MA class with possible redundancy in the

A(L) parameter space.
• Has the same problem as the AR class with the restrictions on B(L) needed

if we want to restrict to stationary models.
• Has its own special, severe problem of non-uniqueness, because of possi-

ble cancellation between AR and MA roots.

5. AR AND MA REPRESENTATIONS

• When B is a finite-order polynomial and there is no root z of |B(z)| = 0
with |z| = 1, and when εt are i.i.d. with finite variance,

yt = B−1(L)εt ⇒ B(L)yt = εt

yt = B(L)εt ⇒ B−1(L)yt = εt

• In fact these relations are more general. B(z) can be defined even for
infinite-order z, so long as the coefficients go to zero sufficiently fast, and
therefore the finite-order requirement can be dropped.

6. AR AND MA REPRESENTATIONS, CONT.

• When B is a finite-order polynomial in non-negative powers of L and there
is no root z of |B(z)| = 0 with |z| = 1, εt are i.i.d. with finite variance, and
εt is uncorrelated with yt−s, all s > 0,

B(L)yt = εt ⇒ yt = B−1(L)εt

7. MAR TO RX

If X(t) = A(L)εt, with εt i.i.d. and Var(εt) = Ω, the matrix valued function
RX(t) is the list of coefficients of the matrix polynomial

RX(L) = A(L)ΩA′(L) ,

Where we interpret the “prime” as implying both transposition of the coefficients
and replacement of the argument by its inverse, so

A′(L) = ∑ A′sL−s .

8. DISTINGUISHING FUNDAMENTAL FROM NON-FUNDAMENTAL MAR’S

• Generally there are many MA representations for the same stochastic pro-
cess, but only one that is fundamental.
• If yt = A(L)εt and yt = B(L)ηt, with both εt and ηt i.i.d. N(0, I), then since

there is only one Ry(t), we must have Ry(L) = A(L)A′(L) = B(L)B′(L).
• If A(L) is finite order, B(L) is finite-order of the same order.
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• This could be a problem for fitting, since it implies that the innovation
variance is larger for the fundamental representation. (So non-fundamental
representations give better forecasts?)
• No. A non-fundamental MA disturbance ηt cannot be constructed from
{Xs, s < t}.
• Therefore if A0A′0 � B0B′0, B is not fundamental. If neither A0A′0 � B0B′0

nor B0B′0 � A0A′0, neither is fundamental.

12. PUTTING AN ARMA INTO CANONICAL KF FORM

k

∑
s=0

Asyt−s =
`

∑
s=0

Bsεt−s A0 = I, B0 = I .

Yt =



yt
...

yt−k
εt
...

εt−`


ηt =


εt
0
...
0

 Yt = GYt−1 + Mηt Zt =
[
I 0 . . . 0

]
Yt

G =

A1 . . . Ak 0 . . . 0
I 0 0 0 0 0
0 0 0 I 0

 M =



1 0 . . . 0
0 0 . . . 0
...

...
...

...
0 0 . . . 0
1 0 . . . 0
0 0 . . . 0
...

...
...

...
0 0 . . . 0



13. FLIPPING FOR A VECTOR MA

(This is here for reference. You don’t need to actually be able to do this on an
exam, for example.) yt = A(L)εt, with εt i.i.d. N(0, I). A(L) is a matrix polynomial
in non-negative powers of L. It has at least one root z0 inside the unit circle. That
is, |z0| < 1 and |A(z0)| = 0. This means it is not a fundamental MA operator. If
M(L) satisfies M(L)M′(L) = I, then, because

Ry(L) = A(L)A′(L) = A(L)M(L)M′(L)A′(L) ,

yt = A(L)M(L)M′(L)εt = A(L)M(L)ηt
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is a new MA for yt that defines the same Ry function and hence the same process.
Note also that M(L)M′(L) = I ⇒ M′(L)M(L) = I. Therefore ηt = M′(L)εt is
itself i.i.d. N(0, I) if εt is. If A(L) is scalar, i.e. a 1× 1 matrix, then we know that
we can take

M(L) =
z0z− 1
z− z0

and satisfy both the condition that M(L)M′(L) = 1 and the requirement that the
z0 root of A(L) is replaced in A(L)M(L) by a z−1

0 root. This is “root flipping”. In
the scalar case it can be described more simply: factor A(L), replace any factor
1− aL with |a| > 1 by a− L−1. But this simple explanation only can work because
in the scalar case the ordering of the monic factors 1− aL does not matter. In the
multivariate case, we proceed as follows.

If |z0| < 1 and |A(z0)| = 0, find the singular value decomposition UDV′ =
A(z0). Because A(z0) is singular, at least one element of the diagonal of D is zero,
say the one at the n’th position. Let Q(z) be a diagonal matrix with all ones on the
diagonal, but with (z0z− 1)/(z− z0) in the n′th position. Then Q(z)t(Q(z−1)) = I
and therefore Q(L)Q′(L)=I. (Here t() is the pure transposition operator, without
complex conjugation.) Form M(L) = VQ(L)V′. This matrix satisfies M(L)M′(L) =
I. But then, because A(L) is a finite order polynomial, it is possible to verify that
it must be that A(L)M(L) also has the property that its original root at z0 is now
replaced by a root at z−1

0 . Perhaps more surprisingly, the special factor in the n’th
position, whose own convergent expansion is a two-sided polynomial in powers
of both L and L−1, induces no non-zero coefficients on L−1 in A(L)M(L).

If you want to see for yourself that this works, a simple example that can be
solved by hand is A(L) = I − 1

2×2
L. There is just one non-zero eigenvalue, 2, for

A1 in this case, so |A(.5)| = 0. Try to calculate the fundamental MA operator
corresponding to this A(L), and also the (possibly infinitely long) polynomial in
the lag operator that relates ηt to εt in this case. Even in this simplest possible case
the calculations are somewhat tedious.

14. IMPULSE RESPONSES

• If yt = A(L)εt is a MAR of yt, with A(L) involving only non-negative
powers of L (i.e., a one-sided, but not necessarily fundamental, MAR),
the coefficients aijs in the i’th row, j’th column, of As, can be regarded as
“impulse responses” when treated as a function of s for fixed i, j.
• They represent the time path of yi,t+s starting at time t, if εu=0, all u, except

ε jt = 1. I.e., the effect on the time path of yi of a one-time unit disturbance
in ε j.
• This “impulse response” interpretation of the aij· is valid even if A(L) is

generated as the non-convergent one-sided inverse of the B(L) in B(L)yt =
εt, when y is a non-stationary autoregressive process.
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15. FINDING UNCONDITIONAL COVARIANCE MATRICES FOR AR MODELS

Simplest approach:
• First get the system into first-order form, by stacking variables:

yt = Byt−1 + εt εt ∼ N(0, Σ) .

• Since Cov(εt, yt−1) = 0 by assumption, if the process is stationary

Ω = Var(yt) = BΩB′ + Σ

This is sometimes called a Sylvester equation, but also Lyapunov and Ri-
catti equations are closely related forms.
• For a stationary model, the solution is, by recursive substitution,

Ω =
∞

∑
s=0

BsΣ(B′)s .

16. DOUBLING ALGORITHM

(I) Ω← Σ
(II) C← B

(III) dΩ← CΩC′

(IV) Ω← Ω + dΩ
(V) If dΩ very small, return Ω.

(VI) C← CC
(VII) go to III

17. PRACTICE EXERCISE

Suppose yt = .7yt−1 + εt, zt = .9zt−1 + νt, where εt and νt are i.i.d. N(0, I) and
are uncorrelated with all ys, zs for s < t. (This makes them the innovations in the
joint y, z process, of course.) Find the fundameental univariate MA representation
for xt = yt + zt. [Hint: This will take the form (P(L)/Q(L))ηt, where ηt is the
univariate innovation in xt. Form the acf of x, as a ratio of polynomials in the lag
operator, and then factor to get expressions in positive powers of L with no roots
inside the unit circle.]


