Econ. 511b Spring 1997 G. Hall and C. Sims

Answer to MidTerm Question 2

The statement of this problem included an error. The decision rule for the problem in
standard form, without th€, < W constraint and with a two-sided limit on the growth rat@éVpf

_1_

was given asQ:(B l)V\{, when in fact the correct form of the decision rule is

C =(1-BW+pBY, where Y is the mean ofy,. There is a way of doing the problem,

described below (the way | did it myself) for which this error is inconsequential. There is
another approach, taken by most people who at least started off in the right direction, in which
the error in the problem statement caused serious difficulties.

Any correct analysis has to start with first order conditions for the problem with inequalities.
They are

0G;: 1-G = BUI+1)EA L, + 1y [1]

oW, : Ay = BUL+T)EA g + K, [2]

with A,and p, the Lagrange multipliers on (7) and (10) from the problem statement,

respectively. As usual, the Lagrange multipliers are positive when the constraints bind and zero
otherwise. (This depends on their being written vdthather than>, of course.) These two
FOC’s can be solved to eliminate resulting in (using the condition you were given that

Bl+r)=1)
1-G =4, [3]

G =EGu—H . [4]

[One incorrect approach to an answer was to observe that/siiscalways non-negativ@]
implies thatC, is lower than it would be in an equilibrium without the constraint. The fallacy is

that C,,; will also be different from what it would be in the other equilibrium. We are interested
in whetherC is lower or higher at a given level of the stétenot at a given level oE, G, .]

One correct approach goes on from here td u$e [4] in the budget constraint (7) and solves
forward. This results in

W = EW
ZE{iqﬂmﬁO“?faﬂfMﬂ+@wawﬂ [5]
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The last term doesot necessarily go to zero 8s- o in this model. The second and last terms

on the right of [g] are both non-negative and not present in the standard model. GHisnce
always no higher, at a given level W As C approaches satiation, it may be optimal tolet

grow without bound at the rate l+However at low levels iV, whenC is far below 1, the time
when this growth starts to happen will be far off and the last term may be small. But it is exactly
whenW is low that it becomes likely that the second term on the right of the last r@ of [5] is
substantial, because thers in the near, not-much-discounted future are positive with high
probability.  WhenW is very high, this second term may be small or zero, because the
probability of (10) binding in the near future is very small or zero. However then one of two
things will be true. One possibility is thef will be so high that even satiation consumption
does not absorb much of the earnings from wealth, sd\timgrowing at approximately the rate

1+r and the last term iﬂb] Is substantial. The other possibility isGhads actually hit the
satiation level. In this case the budget constraint is an inequality, all fusuaee known to be

zero, and, if excesé/ is discardedW is actually indeterminate because of the inequality), the
last term ir[ [5] is zero. But the fact that the budget constraint is an inequality now tells us
directly thatC is less than would be predicted from the previous model.

The other approach to a correct answer simply notes that we can see directly that it is never
optimal to letC exceed one. Since the standard model me&kksear inW, it must at large
enoughW imply C greater than one, even much greater than one, so at such levels of wealth the
model with inequalities clearly implies smallér At levels ofW close to zero, (10) implies that
C must get arbitrarily close to zero. With the correct form of the decision rule, one can conclude

that, since the standard model impli€s=(1-B)W + BY, it will for small enoughw imply

C, >W, because of the assumption that0. Of course if you used the incorrect version of

the decision rule given in the problem statement and took this approach, you would have run into
trouble at this point because the incorrect rule does imply Ghajpproaches zero ag/
approaches zero.

Answers that got the FOC's correct for the inequality constrained model received about half
credit for just that. Answers that started from there in a reasonable direction and ran afoul of the
mistake in the question got an additional 3 or 4 points. One answer, that used the satiation
argument for highw/ and ran afoul of the bad decision rule only for Mvearned 17/20.



