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FTPL EXERCISE

In the following model, we generalize the model discussed in class by allowing an arbi-
trary utility function, while simplifying by eliminating money.

The agent maximizes

E

[
∞

∑
t=0

β tU(Ct)

]
(1)

subject to

Ct +
Bt

Pt
+ τt =

Rt−1Bt−1

Pt
+Yt (2)

Bt ≥ 0, all t . (3)

The government budget constraint is
Bt

Pt
+ τt =

Rt−1Bt−1

Pt
. (4)

Suppose the government’s monetary and fiscal policies are to setRt ≡ R̄ andτt ≡ τ̄ .
• Show that there is just one equilibrium, associated with a unique price level, in which

the real value of debt does not explode. [Hint: Try multiplying the government
budget constraint through byU ′(Ct), then applying theEt−1 operator to it while
using the Euler equation FOC’s, more or less as we did in class.]

• Show that solutions to the Euler equations that allow the real value of debt to explode
up or down cannot be equilibria.

The FOC’s are

∂C : U ′(Ct) = λt

∂B :
λt

Pt
= RtEt

[
λt+1

Pt+1

]
.

Substituting outλ gives us

U ′
t

Pt
= RtEt

[
U ′

t+1

Pt+1

]
. (∗)

Shifting the government budget constraint forward by one period, multiplying it
through byU ′

t+1, applying theEt operator to the whole equation, and using(??),
we can derive

Et

[
Bt+1U ′

t+1

Pt+1

]
= β

BtUt

Pt
− τ̄EtU

′
t+1

This is an unstable difference equation. I did not make it explicit that you were
to assume here, as we did in class, thatYt is i.i.d. The private budget constraint,
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combined with the GBC, lets us conclude that the social resource constraint is simply
Ct = Yt . So with i.i.d.Yt , EtU ′

t+1 is a constant. With any exogenous process forY, we
can solve forward to obtain

BtU ′
t

Pt
= τ̄Et

[
∞

∑
s=1

β tEtU
′
t+s

]
, (†)

so long asβ tEt [Bt+sU ′
t+s/Pt+s]→ 0 ast → ∞. In the leading case (which you could

have assumed) in whichY is i.i.d., (??) implies thatBU′/P is a constant.
So we have shown that there is only one equilibrium value att for BtU ′

t /Pt , as-
suming thatBU′/P does not explode. Since the problem stated that the condition
was thatB/P not explode, you might, if you were careful, have worried about this
distinction. If you assume thatU ′ is bounded, for example,B/P is bounded if and
only if BU′/P is bounded. You could also have considered the private agent’s TVC,
which isE[β tU ′

t Bt/Pt ] → 0 (since the regularity conditions allowing the standard
TVC are met). This condition is obviously met in the solution we have found, and
the private agent’s problem is concave, with convex constraints. This allows us to
conclude that private agents see this as a unique solution to their own optimization
problems, given the equilibrium price process. Furthermore, our forward solution
shows that with any price process for which there is a solution to the Euler equa-
tions, agents can choose theB process so that transversality as well as the Euler
equations are satisfied. Agents look forward and adjust their saving and consump-
tion plans so that their income plus their wealth will finance future consumption and
taxes. Since there is one and only one solution to the Euler equations that is the op-
timum for a concave/convex problem like this, only solutions withβ tE[BtU ′

t /Pt ]→ 0
are equilibria.

Finally, one might ask whether we could satisfy transversality withB/P → ∞
rapidly whileU ′→ 0. This is actually possible, ifU ′(C̄) = 0 at some finiteC̄ < EY
— that is the utility function shows satiation inC at a level of consumption less than
expected income. In this case there will be optimal paths in which agents simply
plow their excess income into wealth in the form of bonds, which grows atβ−t , but
is useless to them.


