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PDF'S, CDF'S, CONDITIONAL PROBABILITY

1. DENSITIES

e InR"any functionp: R" — R satisfyingp(x) > 0 for allx € R" and [z p(X)dx=1
can be used to define probabilities of set®ihand expectations of functions @t'.
The functionp is then called thelensity, or pdf (for probability density function)
for the probability it defines.

e As areminder:

P(A):/XGAp(x)dx, E[f]:/Rnf(x)p(x)dx.

2. DENSITIES FOR DISTRIBUTIONS WITH DISCONTINUITIES

The only kind of discontinuous distributions we will be concerned with are ones that lump
together continuous distributions over sets of different dimensions. That is we consider cases
where

e S=S +---+ 5, with the §j disjoint;

e EachS; is a subset oR" for somen;, embedded ir5= R"; (Technically, eacl$;
maps isometrically into a subset&f'i.)

e FOrAjCSj,

P(A) = [ px(@)dz.

where the integral is interpreted as an ordinary integral wz4 R", x(z) maps
points inR" into the corresponding points R", and p(x) is what we define as
the density function for this distribution, over all Bf'. Special caseS; = R, i.e.
Sj = {x; }, a single point. Then the “integral” is jus(Xx;).
e Then we can find the probability of adyc R", in the o-field B generated by the
rectangles, from
n
P(A) = z P(ANS)).
=1
e Morals of the story: There ialwaysa density function, and we can always break
up calculations of probability and expectations into pieces, all of which involve just
ordinary integration. (There are more complicated situations, which we won't en-
counter in this course, where the part about ordinary integration isn’t true.)
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3. CDF'S

e The cdf (cumulative distribution function) of thredimensional random vectot is

defined by
Fx(a) =P[X<a=P[X <aq,i=1,...,n.

e Useful to plot, easy to characterizelit. F is a cdf for a univariate random variable
if and only if F(x) — 0 asx — —o, F(X) — 1 asx — o, andF is monotonically
increasingP[(a,b]] = F(b) — F(a).

e In 2d, it is not true that any monotonically increasing function that tends to-Gat
and to 1 at- is a cdf.

e Additional necessary condition iR" is thatF imply that all rectangles

{Xx]ay <x1 <by,...,a0 <Xy < b} =r(ab)
have positive probability. This translates in 2d to
F(b1,by) + F(a1,a2) — F(ag,bp) —F(b,a) >0, alla<beR".

e Expressing probabilities of rectangles with cdf values becomes more and more messy
asnincreases.

e Sufficient conditions, in addition to the 0 and 1 limits, thatretimes differentiable
functionF onR" be a cdf:0"F /dx; ... dx, > 0 everywhere, in which case this partial
derivative is the density function.

e cdf's are widely used to characterize and analyze one-dimensional distributions.
Higher dimensional cdf’s don’t turn up often in applied work.

4. CONDITIONAL EXPECTATION

Suppose we have a random varialand a random vectdf, defined on the same prob-
ability spaceS.

e Theconditional expectationof Y givenX is written asE[Y | X].

e Itis a function ofX alone.

e For any continuous, bounded functigmf X, E[g(X)Y] = E[g(X)E[Y | X]].

e This propertydefinesconditional expectation.

e Conditional expectation is unique, except thdt(K) andh(X) both satisfy the defin-
ing property forE[Y | X], it is possible thatf (X) # h(X) on a set ofX values of
probability zero.

5. SPECIAL OPTIONAL SLIDE FOR ANYONE WHO KNOWS MEASURE THEORY AND
DOUBTS THAT C.E.’S ALWAYS EXIST

e For any random variabMé with finite expectation, we can define, by (A) = E[1a-
Y], a set function on the-field By x generated by rectanglesYnX-space.

e oy is continuous w.r.t. the joint probability measure ¥yX space — that is, if
P[A] = 0, thenoy (A) = 0. This is clear becaus®y is by construction a set function
whose Radon-Nikodym derivative w.r.t. probability BnY space isr.
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¢ If we restrictoy to By, the sube-field generated by, is of course still absolutely
continuous and has a Radon-Nikodym derivative wlPtrestricted to this sulo-
field. The only regularity condition necessary for this is tbrtrestricted toBy is
o-finite, and since has finite expectation, this is automatic.

e The Radon-Nikodym derivative afy w.r.t. P restricted tdBx isE[Y | X].

6. CONDITIONAL PROBABILITY

e PA| X]=E[1a| X].

e Interesting question: IB[- | X] defined this way a well-behaved probability function
on B for everyX, or at least for a set of’s with probability 1? Too interesting for
us. The answer is yes for the situations we will encounter in this course.

¢ In the standard purely purely continuous case, there@ditional pdf, which can
be found from the formula

P(Y, X)
X) = ————.
Py J p(y,x)dy
e In the pure discrete casg @ndx; each take on only finitely many values 8nthe
corresponding formula is

p(yi | X)) = M
> k P(Yk:Xi)

e The discrete formula is a special case of the continuous one if we use Lebesgue
integration in the denominator and use the natural interpretation of wh&j'thare
for the integral. In the simplest mixed discrete-continuous cases, whe&'stare
all isolated points except for one, s&y that is the rest 0§, the integral formula also
applies, again with the natural interpretation of what$is are when we integrate
W.r.ty.

¢ In more complicated situations, though, where $is have positive dimension, the
simple density-based formula cannot be relied on. This occurs rarely, so we will not
attempt to discuss general rules for generated conditional densities in this case. If
you encounter it in research (or, maybe, in a problem set), you can handle it by going
back to the defining property of conditional expectation.

7. MARGINAL DISTRIBUTIONS

If X andY are two random vectors defined on the same probability space and with joint
densityp(x,y), themarginal pdf of X is w(x) = | p(x,y)dy. It can be used to determine the
probability of any seA defined entirely in term¥, i.e.

P[A] :/Ap(x,y)dxdy:/A(/ p(x,y)dy) dx:/An(x)dx.

The second equality follows because the restriction of the domain of integratfoputs no
constraint ory, because by assumptiéns defined entirely in terms of
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With this definition, we can see that the rule for forming a conditional density from a joint
density can also be written more compactlypég | X) = p(x,y)/m(X)

8. INVERSE PROBABILITY AND BAYES’ RULE

A common situation: There is a “parametgi’whose value we don’t know, but we
believe that a random variab¥ has a distribution, conditional ofy, with density

p(y|B)-

e Before we observ¥ our uncertainty about is characterized by the paf(3).
e The rule for forming conditional densities from joint can be solved to give us the

joint pdf ofy andp: a(y, B) = p(y | B)7(B).
Applying the rule again, we get the conditional pdf{@f | Y} as

by Bal)
"BV = oy B)aB)dp

This isBayes’ rule.

9. INDEPENDENCE

If two random vectorX andY have joint pdfp(x,y), they areindependentif and
only if p(x,y) = qx(X)qy(y), wheregx andgy both integrate to one.

In this case it is easy to verify thgk andqy are the marginal pdf’'s ok andY and
alsoqx (x) = axy (Xy), av (Y) = ay|x (¥X), that is,gx andagy are also the conditional
pdf’'s of X | Y andY | X.

Obviously this means that the conditional distribution{¥fX} does not depend on
X and for any functionf of Y, E[f(Y) | X] = E[f(Y)]. (Of course also the same
things with theY, X roles reversed.)

A more general definitionY is independent oX if for every functiong(Y) such that
Ellg(Y)|] <o, E[g(Y) | X] =E[g(Y)]. It turns out that if this is true, the same is true
with the roles ofx andy reversed.

A collection {Xg,...,X,} of random vectors isnutually independent if for every

i and for everyg with E[g(X;)] defined and finiteE[g(Xi) | X_i] = E[g(X)]. Here
we’re using the notation tha€_; means all the elements of tixevector except the
one with index. If they have a joint pdf, this is equivalent to

P(X1,...,%Xn) = _ﬁqi(xi).

It is possible to have; independent oK; for anyi # j between 1 and, yet to have
the collection{ Xy, ..., X,} not mutually independent. Thatis, pairwise independence
does not imply mutual independence.



