Econ. 511b Spring 1999 C. Sims

Discrete-Time Stochastic Dynamic Programming

01995, 1996, 1999 by Chrigther Sims. This material may be freely reproduced for educational and research purposes, so long as it is not
altered, this copyright notice is reproduced with it, and the copies are not sold.

These notes extract results from the previously distributed dynamic programming notes. The
main difference is just that proofs, remarks, and discussion have been taken out to allow listing
the results in compact form. Theorem 2 below uses a strengthened regularity condition (requiring
that every solution to the Bellman equation be an attainable maximum, rather than just a least
upper bound) that allows the result to be stated more simply, while also relaxing its comlition (
The sections of the previous notes not summarized here, on value iteration, constraints at infinity,
and exogenous states, were already in compact form in the previous notes.

I. Notation and basic assumptions
We consider a problem defined in terms of
t: atime index, with integer values
C: akxl vector, called the control vector
S: annxl vector, called the state vector

F'(Q: a mapping from state vector values to subset®Gafdefining constraints on the
choice ofC

Jy: the information set dt consisting off C(9), X $,&( pall st}
& . apxl random vector of disturbances at time

The objective is to maximize
E{iB‘U(Q,S)} ®
t=0

by choice of{C, S.;, t=0,....0} . We assume that the infinite sum inside the brackets in (1) is

well-defined for each choice @f's that satisfies the constraints below and that the expectation of
the sum is well-defined for each such choic€'st

A) § is given, not subject to choice;
B) for eacht=1,...¢0, § is determined from past history and currenticcording to

S = (G S8 - (2)
C) for eacht, C, is constrained to lie in the sE(S);

D) for eacht, C, is allowed to depend only on informationdn, and only in such a way that
C. andU(C, ) are well-defined random variables.



E) for eacht, &,,, is independent o€, and of all the random variablesin* and that
F) the random variablege,,t =1,...,0} are mutually independent and identically distributed
(i.i.d.).

We denote bys the set of all possible values &fWe denote by ()] the function mapping
Ss ins into the least upper bound of achievable values of the objective function. If the problem is
well defined,V(S) exists for eaclsin §, though it is important in practice to check that the infinite
sum in (1) indeed converges for all feasible choices of actidis called thevalue function.

[I. The principle of optimality: necessity and sufficiency

Theorem 1 (The Principle of Optimality) Suppose tha¥ is the value function for the problem
of maximizing (1) subject to (A(F). Then foreachSin <, E[V( f(C Ss)] exists for allC in

M(S) (with xinfinity allowable values), and

V()= Lub UG 9+BEV € C 9))) (3)

Cinr(s)

Theorem 2 Suppose thaV¥ is the value function for the problem of maximizing (1) subject to
(A)-(F). Then for everyd >0, it is possible to choose a policy functi@j()] such that, for

eachSin s with V(S finite, the value of the objective function attained usBigllis at least
V(S)-9, and the sequence &f, t=1,...,00 generated by settin§, = S and

S = f(G(Sy), S..&) EL..w (4)
satisfies
BENV(S)0 O] - 0. (5)
Theorem 3 Suppose there is a functidtt’ that satisfies (3) for eve§in 5 and that in addition
) for everySin 5 there is a valueC(S) for C that attains the maximum on the right-hand
side of (3) withv = V":
ii) forevery §, in, if §, t=1,...,0 , is generated from
Sa= f( Ci(9, S E) (6)

then

BE[V($)] 0@~ 0 ;and ()

! SinceC, is required by (D) above to depend only on random variables, i(E) could omit the
“of C, and” phrase.



iii) for any VT # V" that solves (3) for evel§in -5, there is an associated policy functier’
satisfying

UC™(S), 9+BEVH( (E(§ 2)]= V()5 ®)

and for everyS, in s, if §, t=1,...,0 , are generated from
S = f(CU($y), 8u.&) EL..», then 9)
liminf B'EV{($) 20. (10)

ThenV" is the value function for the problem.

Corollary: If U is bounded below, the necessary conditions of Theorems 1 and 2 are also
sufficient.

[ll. First Order Conditions
Sometimes the following equation is called, by itself, “the” first order condition,

(CS) c9H(C S)
oC

+gE[v (f(C ss)a‘l} AS) 22> (11)

while this next one,
V':%ﬂ;E[ (f(C Ss) G@} A(S)Eﬁm (12)

is called the “envelope condition”. Note that both emerge simply as first order conditions if we
apply to the standard dynamic programming setup of objective function and constraints the usual
rules for generating first order conditions from stochastic Lagrange multipliersVwithlaying

the role of the vector of Lagrange multipliers.

Equations (11) and (12) together are sometimes called the Euler equations for the problem.
Note that one way to remember them is to form the “Hamiltonian-like” expression

V(9-UGC9-BE (CE)+A HCPH (13)

Equations (11) and (12) are then the partial derivatives of (13) with respeCtatad S
respectively.



