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Grouped data

Notation: When a variable zig is indexed by i and g, z·g refers to the
vector consisting of all the zig’s with the given value of g.

yig = Xigβ + εig , i = 1, . . . , n, g = 1, . . . ,M .

g indexes groups (states, gender, age brackets, etc.), i indexes observations
(people, years, firms, etc.).
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GLS: two step

Assume residual correlation within groups, but not between:

Var(ε·g) = Ω, all g , Cov(ε·g, ε·h) = 0 .

Estimate by OLS on all data, use the estimated β to form ε̂ = y −Xβ,
estimate Ω as

Ω̂ =
M∑
g=1

ε̂·gε̂·g .

Then the full nM × nM E[εε′] matrix is block diagonal, with copies of Ω
down the diagonal. The estimated Ω converges in probability to the true
value as g →∞ by the law of large numbers, so we can be use it for feasible
GLS estimation.
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GLS: Likelihood approach

Assume normality, write down the likelihood for the sample, base
inference on it:

|Ω|−M/2
(2π)−Mn/2e−

1
2

∑M
g=1(y·g−X·gβ)′Ω−1(y·g−X·gβ) .

Because Ω is symmetric, it contains (n2 + n)/2 coefficients.
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Clustered covariance matrix for β.

Assume

E[X ′εε′X] = E
[∑
g

X ′·gε·gε
′
·gX·g

]
.

That is, no correlation of X ′·gε.g with X ′·hε·h for g 6= h, but arbitrary
covariance, when g = h. It is not even necessary that the size of groups be
constant. We need only that data are independent across groups, and the
group data (including group size) are drawn from a common distribution
with

E[X ′·gε·gε
′
·gX·g] <∞ ,

Then apply the usual “robust” standard error form:

Var(β̂OLS)
.
= (X ′X)−1E[X ′εε′X](X ′X)−1 ,
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Replacing the central expectation with

M∑
g=1

X ′·gε̂·gε̂
′
·gX·g.

This is called a clustered robust covariance matrix.
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Which: OLS, GLS 2-step, GLS Likelihood, OLS with
sandwich?

• A very common set of trade-offs here.

• Straight OLS with σ2(X ′X)−1 covariance matrix is the most accurate
and efficient if its assumptions are correct.

• Of the estimates that allow for Var(ε·g) 6= σ2I, OLS with sandwich is
easiest on the researcher’s brain. No need to think about a structure for
Ω or to defend the assumption of E[ε·gε·g] constant across groups.

• OLS with sandwich is a little more algebra than straight OLS with
σ2(X ′X)−1 covariance matrix, but the computer does that with a single
button.
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• Drawback: If there is a non-scalar covariance matrix for ε, one can do a
better job of estimation, obtaining more precise results, by modeling the
form of the covariance matrix.

• The sandwich estimator replaces clear assumptions that justify the
procedure with untestable claims that approximations that work well
when g → ∞ are reliable in the current sample. (This is true of any
appeal to asymptotic theory.)
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Which: OLS, GLS 2-step, GLS Likelihood, OLS with
sandwich?

• Likelihood-based GLS, if its assumptions are correct and the residual
covariance matrix is non-scalar, is more efficient than OLS and also
provides a correct distribution for β in finite samples.
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Which: OLS, GLS 2-step, GLS Likelihood, OLS with
sandwich?

• Likelihood-based GLS, if its assumptions are correct and the residual
covariance matrix is non-scalar, is more efficient than OLS and also
provides a correct distribution for β in finite samples.

• Of course, as with straight OLS, its assumptions need not be correct.

• Two-step GLS is a little easier computationally, and has the same
asymptotic distribution as likelihood-based GLS. It does not have the
same finite-sample justification. It is likely to provide a good starting
point for iterative estimation and MCMC study of the likelihood in the
likelihood-based framework.
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GLS with sandwich?

GLS here assumes E[ε·gε
′
·g | X] ≡ Ω. In other words, that the group

size is constant and that the covariance matrix of residuals within a group
does not depend on X. So a sandwich covariance matrix for the GLS
estimate of β might differ from what GLS delivers, even asymptotically.
The usual tradeoffs are here — robustness against deviation from the GLS
assumptions, vs. robustness against inapplicability of asymptotic theory in
this sample. (What is the formula for the sandwich covariance matrix for
GLS?)
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Group-specific shifts

Same grouped data model, with one change:

yig = Xigβ + νg + εig , i = 1, . . . , n, g = 1, . . . ,M .

What’s new is the νg, a “disturbance” that changes all observations within
a group by the same amount. I’ve used a greek letter for it, which makes it
seem natural to treat it as part of the error term.
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Applying GLS

If we assert that

ε | X ∼ N(0, σ2 I
Mn×Mn

), ν | X ∼ N(0, τ2 I
M×M

) ,

and ε, ν independent, then this is a special case of grouped data with non-
scalar covariance matrix. Instead of an unconstrained residual covariance
matrix Ω for data within each group, we have the parametric form

Ω = σ2I + τ2 1
n×n

.

We could stop here, simply referring back to the discussion of likelihood-
based GLS, but it is worth noting that there is an analogue of weighted
least squares available because of the special structure of Ω.
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Between and within regressions

As usual, if we can find a matrix W such that W ′ΩW = I, then OLS
on the transformed data X∗·g = W ′X·g, y∗·g = W ′y·g is equivalent to GLS.
With this group-effect Ω matrix, we can choose W to have the symmetric
form

W = IM ⊗
(
σ−1(I − 1

n1) +
δ

n
1
)
.

It is possible to compute δ from σ2 and τ2, but this involves messy algebra.
What matters for our purposes is that there is a symmetric inverse square
root W of Ω of this form, and that

δ −−−→
τ2→0

1

σ

δ −−−−→
τ2→∞

0 .
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Between and within regressions

Note that with this choice of W , X∗ = W ′X·g = σ−1X̃·g+ δX̄·g, where
X̄ is a matrix in which each row is the mean of X·g within group g and X̃·g
is the deviation of X·g from its group mean. Note also that X̃ ′·gX̄·g = 0,
because the columns of X̄·g are constant and the sum of each column of
X̃·g is zero.

Therefore

X∗′X∗ = σ−2X̃ ′X̃ + δ2X̄ ′X̄ , X∗′y∗ = X̃ ′ỹ + X̄ ′ȳ ,

where the ∗’d vectors and matrices are of full length Mn, consisting of the
grouped data stacked up vertically.
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Between and within regressions

This lets us write the GLS estimator as a matrix weighted average of
the OLS estimator β̂w using X̃, ỹ, called the “within” regression, and the
OLS estimator β̂b using the group means, called the “between” regression:

β̂GLS = (X∗′X∗)−1X∗′y∗ = (σ−2X̃ ′X̃+δ2X̄ ′X̄)−1(σ−2X̃ ′X̃β̂w+δ2X̄ ′X̄β̂b).

This decomposition is of some use to programmers and to you if you try to
look at small data sets with a calculator. But the important insight from it
is that the GLS estimator, which is the classic random effects estimator,
becomes the ordinary OLS estimator in the limit as τ2 becomes very small
(as we might have expected) and becomes purely the “within” regression in
the limit as τ2 gets very big. But this pure within regression is also what is
known as the fixed effects estimator.
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Fixed effects

The fixed effects estimator is what emerges if we assert dogmatically
that the variance of the group means ν·g is infinite — i.e. we put a flat prior
on νg. It is also, as we verified above, the result of using data on deviations
from group means in an OLS estimation. And finally, it is also the result if
we estimate by OLS the equation

yig = cg +Xigβ + εig ,

treating the cg’s (a new name for νg) as parameters to be estimated along
with β.
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Fixed vs. random effects

• The estimated fixed effects are more dispersed (higher variance) than the
true distribution of cg’s. Standard “analysis of variance” includes this
bias. It does not get better as the number of groups increases.

• It is possible to get a consistent estimate of the actual contribution of
the cg’s to variability by using the estimated covariance matrix of ĉ.

• Fixed effects requires giving up any attempt to estimate coefficients of
variables that are constant within groups. Random effects models can do
so, because they exploit the assumption that νg and X are uncorrelated.

• Fixed effects gives consistent estimates of β as M →∞, even if νg and
X·g are correlated, while random effects does not.
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Random effects correlated with X

yig = Xigβ + cg + εig , E[ε·g | X·g] = 0 (1)

X·g = γcg + X̃·g , E[X̃·g | cg] = 0 or (2)

cg = ~X·gψ + ξg , E[ξg | X·g] = 0 . (3)

Wooldridge calls this the “Chamberlain-Mundlak device”. Using (3), we
can substitute into (1) to obtain

yig = Xigβ + ~X·gψ + ξg + εig

17



Random effects correlated with X

yig = Xigβ + ~X·gψ + ξg + εig

In this equation, ~X·g is a single vector of length nK containing all the values
of Xig that occur in the group. It is the same vector for every i in the
group. This is nk additional parameters. That is still usually smaller than
the number of cg parameters that enter the straight fixed-effects estimator.
In some applications it might be reasonable to claim that the correlation of
νg with the ~X·g vector should be only via the group means of the X’s. In

that case the ~X·g vector could be replaced by the X̄·g vector, making the
number of extra parameters much smaller.
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Random effects correlated with X

yig = Xigβ + ~X·gψ + ξg + εig

This is an equation that can be estimated by standard grouped-data
GLS. It does allow consistent estimation of Var(νg), but it does not allow
estimation of coefficients of possible X·g variables that are constant within
groups, because for such variables the corresponding columns of X·g and
~X·g are identical, and thus collinear.
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Mixed models

This term does not have a precise and widely accepted definition,
but generally refers to models in which not only the constant, but also
coefficients of X·g variables, are allowed to be random and vary with g.
The general form, assuming the constant vector is treated as part of the
X·g matrix, is

yig = Xigβg + Zigγ + εig

E[ε | X,Z] = 0

E[βg | X,Z] = β̄]
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Mixed models

yig = Xigβg + Zigγ + εig

E[ε | X,Z] = 0

E[βg] | X,Z] = β̄]

Some assumption on the joint distribution of βg and εig is needed. A
common choice would be to make βg and εig jointly normal and independent
of each other, with the full Mn× 1 εig vector N(0, σ2I) and

βg ∼ N(β̄,Σβ) ,

where Σβ is an unknown and unrestricted covariance matrix and the “A⊗B”
notation refers to a Kronecker product.
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MCMC for mixed models

Assuming a conjugate prior (so the posterior has the same functional
form as the likelihood), Gibbs sampling will work, as follows. We write β̃g
for βg − β̄.

1. With β̄, γ, σ2 and Σβ fixed, the conditional distribution of β̃ is normal,
and found from group-by-group OLS algebra with yig −Xigβ̄ − Zigγ on

the left. Sample the β̃’s from that.

2. With β̃g’s fixed, put yig −Xigβ̃ on the left and the system becomes a
single OLS system for the conditional distribution of β̄ and γ. Sample
them.
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3. With other parameters fixed, the conditional posterior on σ2 is the usual
inverse-gamma. Sample from that.

4. The conditional for Σβ given other parameters depends only on the draws

of β̃. Conditional on them, Σβ is inverse-Wishart. Sample from that.

5. Back to 1
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Why mixed models?
They give a fully articulated probability model for the data, and thus

a likelihood function, while addressing the possibility that E[ε·gε
′
·g | X·g]

might depend on X·g. This possibility is what clustered standard errors
allow for that GLS with Ω assumed fixed does not. Clustered standard errors
allow any kind of dependence between X·g and ε·gε

′
·g, while mixed models

restrict the dependence to linearity. Mixed models do make estimated
coefficients GLS estimates, conditional on the variance parameters. It is in
principle possible to extend them to allow for more complicated dependence
between X’s and disturbance variances.

Mixed models used to be intractably difficult to estimate, but with Gibbs
sampling MCMC, they can be handled in a very straightforward way.

It might be a good way for you to test your understanding of Gibbs
sampling to see if you can describe a convenient Gibbs sampling scheme for
a mixed model.
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“Fixed effects” for mixed models?

Mixed models almost always are used treating βg as random. But there
is an analogue to the simple fixed effects approach for these models: just
as we split the constant into a bunch of group-dummy variables for fixed
effects, we can split up the X matrix into a block diagonal form with X·g
blocks down the diagonal and zeros off diagonal, giving each column of this
matrix its own free parameter and applying OLS.

The problem with this is that if there are very many columns in X, the
fact that OLS with fixed effects allocates too much explanatory power to
the fixed effects is multiplied in a mixed model — here it is not only the
constant terms, but the coefficients on all the group-specific variables, that
have an over-dispersed distribution.
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MCMC for mixed models
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